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We study the entanglement dynamics of two atoms coupled to their own Jaynes-Cummings cavities
in single-excitation space. Here we use the concurrence to measure the atomic entanglement. And
the partial Bell states as initial states are considered. Our analysis suggests that there exist collapses
and recovers in the entanglement dynamics. The physical mechanism behind the entanglement
dynamics is the periodical information and energy exchange between atoms and light fields. For
the initial Partial Bell states, only if the ratio of two atom-cavity coupling strengths is a rational
number, the evolutionary periodicity of the atomic entanglement can be found. And whether there
is time translation between two kinds of initial partial Bell state cases depends on the odd-even
number of the coupling strength ratio.
PACS numbers: 42.50.-p,03.67.Lx
I. INTRODUCTION
It is well known that entanglement is a typical quan-
tum property of compound systems. It plays an essential
role in quantum information science, such as quantum
computation, quantum cryptography, quantum commu-
nication, and quantum measurement [1]. However, quan-
tum entanglement is very fragile, since the entangled sys-
tems are unvoidable to interact with their surrounding
environments [2]. The decoherence is recognized as a
main obstacle to realizing quantum information process-
ing [3].
In recent years, the dynamical behavior of entangle-
ment under the action of the environment has obtained
extensive research [4–8]. Yu and Eberly have shown
that two initially entangled and afterward not interact-
ing qubits can become completely disentangled in a finite
time [9–11]. This phenomenon is usually called “entan-
glement sudden death (ESD)”, and has been detected in
the laboratory [12]. Subsequently, the creation or re-
birth of entanglement in a two-qubit system has been
found [13, 14]. Later, the dynamical properties of entan-
glement for three-qubit states has also been investigated
[15, 16].
The Jay-Cummings (JC) model describes the coherent
interaction between a two-level atom and a single radi-
ation mode [17]. In the single excited subspace, the JC
model is equivalent to a two-qubit system. As one of few
exactly solvable models, the JC model has been exploited
for the study of entanglement dynamics. The purpose of
this paper is to study the entanglement properties of a
system consisting of two isolated two-level atoms in their
own JC cavity. These two atoms does not interact but
∗ Corresponding author; lujing@hunnu.edu.cn
FIG. 1. The “double Jaynes-Cummings” model consists of
two atoms in their own perfect single-mode resonator cavities.
These two atoms does not interact but are entangled with
each other. Each two-level atom is completely isolated from
the other atom and the other cavity.
.
are entangled with each other. Each two-level atom is in
a perfect single-mode resonator, but each is completely
isolated from the other atom and the other cavity. It is
found that the entanglement dynamics of the two atoms
is related to the initial entanglement magnitude between
two atoms and the atom-cavity coupling strengths. Be-
sides, the sudden death and rebirth of entanglement can
also appear under some initial conditions.
The structure of the paper is organized as follows. In
Section II, we introduce the physical model and derive
the basic equations for the entanglement dynamics. In
Section III, we investigate in detail the time evolution of
the quantum entanglement of two JC atoms for the case
of initial partial Bell states. Finally, we conclude this
work in Section V.
II. THE MODEL AND BASIC EQUATIONS
In this section, we consider the system consisting of
the double JC model, as schematically shown in Fig. 1.
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2The Hamiltonian of the system can be described by [17–
19](~ = 1)
H =
1
2
ωσzA +
1
2
ωσzB + ω0a
†a+ ω0b†b
+gA
(
aσ+A + a
†σ−A
)
+ gB
(
bσ+B + b
†σ−B
)
. (1)
Here ω0 is the frequency of single-mode cavity a and b,
ω is the transition frequency of two-level atom A and B.
gA (gB) is the coupling strength between the atom A (B)
and optical cavity a (b). σzα, σ+α , σ−α are respectively the
atomic Pauli z-operator, raising operator and lowering
operator for atom α = A,B. a (b) and a† (b†) are the
annihilation and creation operators for cavity a (b).
Because the atoms only interact with their own cavi-
ties, the eigenstates of this total Hamiltonian are prod-
ucts of the dressed eigenstates of separate JC sys-
tems [17–19]. Note that the total excitation number
N = NA + NB is conserved with NA = a†a + σzA and
NB = b
†b + σzB being the excitation number of the first
and second JC model. Now we just consider that the to-
tal excitation number is one with N = 1, there exist only
two categories of eigenstates. The first one is that the
excitation exists in the first JC system and the other JC
system is in the ground state with NA = 1, NB = 0. The
second type is the excitation in the second JC systems
with NA = 0, NB = 1. Under the resonance condition
with ω = ω0, the four eigenstates and eigenvalues in the
interaction picture are as follows [20, 21]
λ±1 = ±gA,
∣∣Ψ±1 〉 = 1√
2
(|↑A 0a〉 | ± |↓A 1a〉) |↓B 0b〉 ;
λ±2 = ±gB ,
∣∣Ψ±2 〉 = 1√
2
(|↑B 0b〉 ± |↓B 1b〉) |↓A 0a〉 .(2)
In the following, the states are abbreviated as |ABab〉
with A,B =↑ or ↓, and a, b = 0 or 1. Then the bare
basis in the single excitation subspace can be rewritten
as {|↑↓ 00〉 , |↓↑ 00〉 , |↓↓ 10〉 , |↓↓ 01〉}. In the subspace,
the state at any time reads
|Ψ (t)〉 = x |↑↓ 00〉+y |↓↑ 00〉+z |↓↓ 10〉+k |↓↓ 01〉 . (3)
with initial condition {x0, y0, z0, k0}. Inserting Eqs. (1)
and (3) into Schro¨dinger equation, the time derivative of
the coefficient can be obtained as
ix˙ = gAz, iz˙ = gAx,
iy˙ = gBk, ik˙ = gBy. (4)
We note that x and z form a closed equation system,
and the same is true for y and k. This is because there
is no interaction between two JC models. Thus, the co-
efficients can be derived as the following time-dependent
formulas,
x = x0 cos (gAt)− iz0 sin (gAt) ,
y = y0 cos (gBt)− ik0 sin (gBt) ,
z = z0 cos (gAt)− ix0 sin (gAt) ,
k = k0 cos (gBt)− iy0 sin (gBt) . (5)
From Eqs. (2)-(5), we can see that there must be only
one independent JC model evolves over time, while the
other is in the ground state |↓ 0〉.
The entanglement information between the two atoms
is contained in the reduced density matrix ρAB . It can
be obtained by tracing out the photonic parts of the total
pure state in Eq. (3). The reduced density matrix ρAB
in the basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉} is given by
ρAB =

0 0 0 0
0 |x|2 xy∗ 0
0 yx∗ |y|2 0
0 0 0 |z|2 + |k|2
 . (6)
which is of X-type. We use the concurrence to measure
the entanglement between the two atoms [22]. It is ob-
tained as
C
(
ρAB
)
= 2 |x| |y| . (7)
where the time-dependent probability amplitudes reads
|x| =
√
|x0|2 cos2 (gAt) + |z0|2 sin2 (gAt),
|y| =
√
|y0|2 cos2 (gBt) + |k0|2 sin2 (gBt). (8)
As all subsystems are two-state systems in the subspace,
the following six kinds of entanglement between two-
qubit can both be derived, CAB , Cab, CAa, CBb, CAb,
and CBa. There are some relations between these con-
currence [23]. But we confine our attention to CAB .
III. THE CASE WITH INITIAL PARTIAL BELL
STATES
In the case of two zero initial coefficients, two sub-
systems are initially entangled, while the other two sub-
systems were separable. In principle, there are six pos-
sibilities for two coefficients to be zero. These initial
states can be expressed as the superpositions of two
subsystems Bell states:
∣∣ψ±AB〉 ∼ |↑↓〉 ± |↓↑〉 , ∣∣ψ±ab〉 ∼
|10〉 ± |01〉 , ∣∣ψ±Aa〉 (∣∣ψ±Bb〉 , ∣∣ψ±Ab〉 , ∣∣ψ±Ba〉) ∼ |↑ 0〉 ± |↓ 1〉,
respectively. Here we denote the superposition states
within each type as follows:
|ψAB〉 = cos θ |↑↓〉+ sin θ |↓↑〉 ,
|ψab〉 = cos θ |10〉+ sin θ |01〉 ,
|ψAa〉 = cos θ |↑ 0〉+ sin θ |↓ 1〉 . (9)
Although six different kinds of bipartite entanglements
may arise, we will mainly study the entanglement dy-
namics of two JC atoms with different initial states. And
we find among the six different initial states, two kinds
of initial states |ψAa〉 and |ψBb〉 need not be considered.
A. Partially entangled Bell states |ψAB〉 or |ψab〉
In this subsection, we take the partially entangled Bell
states |ψAB〉 or |ψab〉 as our initial states. The initial
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FIG. 2. The figures (a)(c)(e) show the evolution of the function QAB (t) of the concurrence of two atoms with time when the
initial state is |ψAB (0)〉. and (b)(d)(f) express Qab (t) when the initial state|ψab (0)〉. The ratio of the coupling strengths take
the value of gA
gB
= 1 in subgraphs (a)(b), gA
gB
=
√
2 in subgraphs (c)(d), and gA
gB
= 2 in subgraphs (e)(f). In both subgraphs,
the gray-blue solid lines represent the initial-state parameter θ = pi
4
, the red dashed lines represent θ = pi
6
, and the blue dotted
lines represent θ = pi
12
.
states for the total system reads
|ψAB (0)〉 = (cos θ |↑↓〉+ sin θ |↓↑〉)AB ⊗ |00〉ab , (10)
|ψab (0)〉 = (cos θ |10〉+ sin θ |01〉)ab ⊗ |↓↓〉AB . (11)
In both cases, the concurrence between atoms is
CAB (t) = Qαβ (t) . (12)
with Qαβ (t) being the following expression for the initial
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FIG. 3. The comparison of atomic concurrence CAB with two different kinds of initial states. The gray-blue solid lines shows
the evolution process of the concurrence for the initial state |ψAB (0)〉, while the red dashed lines depict the case with the
initial state |ψab (0)〉. The initial-state parameter θ in all subgraphs are fixed at pi6 . In subgraphs (a) and (c), the ratio of
coupling strengths gA
gB
take the value of 2, 3 respectively. Subgraphs (b),(d) are a comparison between Qab (gt) and QAB (gt)
after shifting the phase to the left by pi
2
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FIG. 4. The dynamics of concurrence CAB for (a) initial state |ψAb (0)〉 and (b) |ψBa (0)〉. In images (a) and (b) ,the gray-blue
solid line, the red dotted line and the blue dot line are respectively used to indicate that the ratio of coupling intensity of the
two cavities is 1,
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5state |ψαβ (0)〉:
QAB (t) = |sin (2θ) cos (gAt) cos (gBt)| , (13)
Qab (t) = |sin (2θ) sin (gAt) sin (gBt)| . (14)
It can be clearly seen that the concurrence dynamics be-
tween two JC atoms are determined by the initial-state
parameter θ and the coupling strengths gA, gB .
In Fig. 2, we plot the dynamics of concurrence CAB
with different initial-state parameter θ and coupling
strengths gA, gB for initial state |ψAB (0)〉 or |ψab (0)〉.
We can see that the zero-concurrence moments depends
on the coupling strengths gA, gB . As we all know, the in-
formation in each JC cavity is transferred from the atom
to the optical cavity, i.e., | ↑〉i to |1〉i, which takes the
time of half Rabi periodicity pi2gi (i = A,B). When the
zero point of entanglement occurs, their must be at least
one JC system have completed this transform. What
is more, the comparison of all the subgraphs in Fig. 2
shows that the greater the ratio of the coupling strengths,
the more the entanglement concurrence fluctuates. These
conclusions are consistent with the Yonac’s work [19, 21].
And in Fig. 2, when the initial states is |ψab (0)〉 in
Eq. (13). At the initial moment, two JC atoms are in the
ground state and are separable. Then with the time, en-
ergy is transmitted periodically between the atoms and
light fields in the JC models. The CAB starts from zero
and increases to the maximum value, and then collapses
and recovers. What is more, the conclusion about the
periodicity is the same as that in Fig. 2. If two Rabi pe-
riods are rational, there exists periodic change of atomic
entanglement. Otherwise, the periodic phenomenon in
the atomic entanglement dynamics vanishes.
Now we focus on the periodicity of the concurrence dy-
namics in this paper. The ratio of the coupling strengths
take the value of gAgB = 1 in Fig. 2(a)(b),
gA
gB
= 2 in
Fig. 2(e)(f), and gAgB =
√
2 in Fig. 2(c)(d). Observing the
Fig. 2(c)(d), the most obvious difference from other sub-
graphs is that the collapse and recovery of concurrence is
no longer periodic. This phenomenon can be explained
from the physical perspective. Only under the trans-
formation |↑↓ 00〉 → |↓↓ 10〉 → |↑↓ 00〉 and |↓↑ 00〉 →
|↓↓ 01〉 → |↓↑ 00〉, the state remains unchanged. This
conversion takes the time which is the least common mul-
tiple of two Rabi cycles, i.e., T = kA pigA = kB
pi
gB
with
integers kA and kB . This means that the evolutionary
periodicity of the CAB can be found only when the ra-
tio of the two coupling strengths is a rational number
gA
gB
= kAkB . Otherwise, there is no period in the time evo-
lution of the concurrence.
Besides, the physical mechanism of concurrence dy-
namics can also be understood from the perspective of
energy transfer. For the initial state |ψAB (0)〉, the en-
ergy is distributed in the two atoms at the initial mo-
ment, and the entanglement information takes the max-
imum value sin(2θ). Then with the energy transfer from
atoms to the light fields, the entanglement between two
atoms is destroyed. In a cycle, the number of zero-
entanglement times is determined by the ratio of two
coupling strengths. When the ratio n = gAgB is odd, there
will be n entangled zeros, while when n is even, there are
n+ 1 zeros.
It is natural to compare the entanglement dynamics
for two different initial states |ψAB (0)〉 and |ψab (0)〉. As
shown in Fig. 3, when the ratio of coupling strengths is
odd, the concurrence with these two initial states differs
only pi2 in phase, as shown in subgraphs (c) and (d). How-
ever, the subgraphs (a) and (b) show that the entangle-
ment with these two initial states does not coincide after
a simple time translation. This is because the ratio of
the evolution periods in the two cavities is even. In this
case, the energy of one JC model is already distributed
in the light field, but the energy of the other JC model is
distributed in the atom. Thus, there is no way to overlap
by shifting pi2 in phase.
B. Partially entangled Bell states |ψAb〉 or |ψBa〉
In this subsection, we will further analyze the cases
with initial states |ψAb〉 and |ψBa〉. The initial states of
the total composite system are
|ψAb (0)〉 = (cos θ |↑ 0〉+ sin θ |↓ 1〉)⊗ |↓ 0〉 , (15)
|ψBa (0)〉 = (cos θ |↑ 0〉+ sin θ |↓ 1〉)⊗ |↓ 0〉 . (16)
Similarly to the previous subsection, we also define
QAb (t) and QBa (t) as the concurrence of the two atoms
with the initial states |ψAb〉 and |ψBa〉, respectively,
QAb (t) = |sin (2θ) cos (gAt) sin (gBt)| , (17)
QBa (t) = |sin (2θ) sin (gAt) cos (gBt)| . (18)
Fig. 4 show the entanglement dynamics between atoms
for initial states |ψAb (0)〉 and |ψBa (0)〉. We can see that
the periodicity depends on the rationality of the ratio of
two coupling strengths. Besides, whether the maximum
value can reach 1 is determined by the initial parameters
and the ratio of two coupling strengths.
In Fig. 5, whether there is time translation be-
tween these two kinds of initial states |ψAb (0)〉 and
|ψBa (0)〉 depends on the odd-even number of the cou-
pling strength ratio. And another interesting conclu-
sion can be obtained by comparing the above four dif-
ferent initial states. When the ratio of two coupling
strengths gAgB is odd, QAB
(
gt+ pi2
)
= Qab (gt) and
QAb
(
gt+ pi2
)
= QaB (gt). While when the ratio gAgB
is even, QAB
(
gt+ pi2
)
= QAb (gt) and Qab
(
gt+ pi2
)
=
QaB (gt).
IV. CONCLUTION
We studied the entanglement dynamics of two atoms
in the double JC model. The two atoms are coupled to
their single-mode optical cavities, and the two JC mod-
els are isolated from each other. In the single-excitation
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FIG. 5. Comparing the entanglement dynamics for four different initial states. The superscript of Qαβ indicates the case for the
initial state |ψαβ (0)〉. The ratio of coupling strengths takes the value of gAgB = 5 in subgraph (a) and (b),
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(c) and (d). In all subgraphs, the initial-state parameter θ is fixed at pi
12
.
subspace, the double JC model can be equivalent to a
four-qubit system. In this paper, we use the concurrence
to measure the atomic entanglement and consider of ini-
tial states is the partial Bell states. We demonstrate that
there exist collapses and recovers in the entanglement
dynamics. The physical mechanism behind the entangle-
ment dynamics is the periodical information and energy
exchange between atoms and light fields. Besides, for
the initial Partial Bell states, the evolutionary cycle of
the atomic entanglement can be found only if the ratio
of two atom-cavity coupling strengths is a rational num-
ber. And whether there is time translation between two
kinds of initial partial Bell states depends on the odd-
even number of the coupling strength ratio. In summary,
our results reveal the dynamic evolution of two-body en-
tanglement in the double JC model in details. And we
will further study the entanglement dynamics in multi-
excitation space, which can make the light field contain
two or more photons to observe the phenomenon of sud-
den entanglement.
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